The kinematical properties of the fragment ejection processes in the events that produced the presently known asteroid families have long been poorly known due to the presence of a couple of unknown angles (the true anomaly and the argument of the perihelion of the parent body at the epoch of the family formation) in Gauss' equations. In the present paper a general procedure for obtaining a reliable estimate of the unknown angles starting from the known values of the proper semi{major axis, eccentricity and inclination of the family members is described and extensively tested. The results of numerical simulations are highly encouraging when we consider some plausible structures of the ejection velocity elds, in agreement with those observed in laboratory experiments. In these cases, we show that the unknown angles can be reliably determined, and the ejection velocities of the fragments can be fairly well reconstructed. An application of this technique to a sample of real asteroid families shows structures of the resulting ejection velocity elds fairly plausible according to the evidence coming from laboratory experiments. An interesting by{product of this analysis is also an evaluation in each case of the direction of impact of the original projectile in the reference frame of the orbiting parent body. The relevance of these results for the physical studies of the asteroids and their collisional evolution is discussed. 
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Introduction
Due to the widely recognized importance of collisional events during the history of the Solar System, asteroid families are one of the most promising elds of research for modern planetary science. The reason is that families represent the outcomes of energetic collisions that led to the disruption of a number of original parent asteroids, and gave origin to swarms of fragments identi able because they form clusterings in the space of orbital proper elements. The existence of families supports our present knowledge of the general process of collisional evolution of the asteroid belt (Davis et al., 1989; Chapman et al., 1989) . As for the de nition and the techniques of computation of asteroid proper elements, see Kne zevi c and Milani (1994) and references therein.
Although the existence of asteroid families has been known since the early pioneering work of Hirayama at the beginning of the present century (Hirayama 1918 (Hirayama , 1923 (Hirayama , 1928 their precise identi cation has been for many years a very debated subject, due to the huge discrepancies between the results obtained by di erent authors using di erent data bases and identication techniques (Valsecchi et al., 1989) . This fact has considerably slowed down the beginning of any serious attempt at exploiting the existence of families for deriving the potentially very large amount of physical information hidden in their properties.
Recently, the situation has largely improved, due to the rapid growth of the data{set of asteroid proper elements, and to the development of new re ned statistical techniques of identi cation (Zappal a et al., 1990 Bendjoya et al., 1991; Bendjoya, 1993; Lindblad, 1992 Lindblad, , 1994 Williams 1992) . In particular, independent techniques (whose reliability was extensively tested by means of numerical simulations, see Bendjoya et al., 1993) have given results in very good agreement, allowing us to conclude that we have now at our disposal a list of groupings whose statistical reliability is robust. These families should be considered excellent candidates for a general investigation of their physical properties (see also Zappal a and . The goal is to extract all the relevant information about the physics of the events from which these families originated, and about the most plausible physical properties and internal structures of their parents.
Over the last year, we have started a general program of physical investigation of families. The rst steps of the analysis have been the development of a technique for deriving the most probable amounts of interlopers in the nominal family member lists at di erent sizes (Migliorini et al., 1995) , and a general study of the dynamics of the family members close to the main mean{motion resonances with Jupiter (Morbidelli et al., 1995) . The latter topic is very important in the framework of the problem of the origin of Near Earth Asteroids (NEAs) and meteorites, since it has been shown that some of the main families presently identi ed have been probably in the past important sources of NEAs and meteorites (Morbidelli et al., 1995) .
Generally speaking, asteroid families are a very exciting and di cult subject of research due to the strict interplay between physics and dynamics. While some basic physical data can be derived from direct physical observations of the family members (photometry, spectroscopy, etc.), some others must be inferred from their present dynamical properties. The reason is evident, if we think that families are the results of \natural experiments" of catastrophic break{up of solid bodies. In our small{scale experiments performed in the laboratories the kinematical properties of the fragment ejection are studied by means of cameras and on the basis of the nal position of each fragment on the ground. In the case of asteroid families, the fragments do not \fall on the ground", but follow heliocentric orbits whose elements are reminiscent of those of the parent body, with the addition of a sudden velocity change due to the ejection process. The problem of deriving the original ejection velocities from the knowledge of the present orbital properties is eminently a problem of Celestial Mechanics. On the other hand, the knowledge of the properties of the original eld of ejection velocity of the fragments is essential for understanding most of the physics of these phenomena. The present paper is devoted to presenting some developments of the techniques of derivation of the kinematical properties of the processes of fragment ejection in family{forming events.
The relation between the variation of the orbital elements resulting from a sudden velocity change V and V itself, is well known and is expressed through the classic Gauss' equations, which are valid when V is small with respect to the original orbital velocity of the body su ering the velocity change (a constraint which is satis ed in the case of the families). In principle, therefore, it should be easy to derive the kinematical properties of the ejection velocity eld of the fragments from their present orbital elements. In particular, the idea is to compute the location of the barycenter of a family in the proper element space a 0 , e 0 , I 0 (proper semi{major axis, eccentricity and inclination), and then to derive the ejection velocity of each member from the di erences of its proper elements with respect to those of the barycenter. However, there are some fundamental di culties that make this task di cult. The problems are essentially three: (1) the orbital elements a 0 , e 0 , I 0 that we use are the proper ones (more exactly, those computed by Milani and Kne zevi c, 1994, version 6.8.5) , not the osculating ones, since the latter oscillate greatly over di erent time{scales due to the planetary perturbations, and their values are not known at the epoch of family formation.
(2) as we will see in the next Section, in the Gauss' equations some angles appear that are not known a priori: these angles are the true anomaly and the argument of perihelion of the parent body at the epoch of its disruption. (3) even in the case that the above di culties can be overcome, the fragment velocities that we can derive are velocities at in nity, and not directly the original ejection velocities. In other words, we should in principle take into account that V 1 = q V 2 ej ? V 2 esc , where V ej is the real ejection velocity, and V esc is the escape velocity from the parent body. The real situation is even more complicated, since in a complete shattering event the nal V 1 of each fragment depends upon its interactions with the whole set of fragments during the process of shattering and fragment dispersion.
The present paper will be focused mainly on the possibility of solving the second problem quoted above, because it is in principle the most critical one. As for the others, (3) is less important in practice, at least as a rst approximation, and gravitational e ects can be taken into account as a further step, once the problems (1) and (2) have been overcome. As an example, the relation between V ej and V 1 is analyzed by the most recent version of the semiempirical model of catastrophic break{up processes by Paolicchi et al., 1996. As for (1), working in proper element space instead of using the osculating elements should not in uence the reliability of the results. The transformation from the osculating orbital elements (semi{major axis, eccentricity and inclination) to the proper elements is expected to be, from this point of view, essentially \transparent". This would be true in the framework of the linear perturbation theory (Brouwer, 1951) . In the case of the proper elements computed by means of the non{linear theory of Yuasa re ned by Milani and Kne zevi c (1990 , 1992 , this assumption has been con rmed by means of numerical experiments (Bendjoya et al., 1993) . Essentially, the transformation to proper element space causes a kind of parallel shift of the family members, leaving unchanged the structure of the family.
We should always bear in mind the possibility that over long time{scales the stability of the proper elements could be slightly worse than it appears on the basis of the numerical integrations performed so far. However, we will work directly in the proper element space, applying there the Gauss' equa-tions, as will be shown in Section 2, since we expect that the transformation to the proper element space preserves the family structure. In any case, any apparent di culty concerning the relation between the proper and the corresponding osculating elements should not be overemphasized, in particular, regarding the angles (true anomaly, argument of perihelion) appearing in Gauss' equations. We want to stress here that the goal of our analysis is not to derive a good estimate of these angles per se. The angles themselves do not give any essential information. Their role is important only because they determine how the original ejection velocities are translated into the orbital element space. The real goal of the present analysis is to reconstruct, for each family, the original eld of ejection velocity of the fragments from the knowledge of the present location of the members in the space of proper elements. If this attempt is successful, we can derive invaluable information about the physics of these events. A few examples are a quantitative analysis of the mass{velocity relationship, and the possibility to have objective constraints for the scaling theories, which are aimed at extrapolating to asteroidal{sized bodies the results of the laboratory experiments of catastrophic break{up performed so far. The nal goal is to understand how the asteroids behave when they experience catastrophic collisions, since from this behaviour we can hope to better understand their internal structures and mineralogic compositions, as well as their origin and collisional history.
The paper is organized as follows. In Section 2 we discuss in detail Gauss' equations and their meaning, and we introduce some independent approaches aimed at obtaining a good estimate of the unknown angles. In particular, we focus on the problem of deriving from the observational data a good estimate of f (the true anomaly) angle in Gauss' equations. Some simple forms for the original ejection velocity eld of the fragments are assumed and discussed, and we show that in these cases a fairly good estimate of f is possible. In Section 3 we perform a set of simulations in order to check the validity of the approaches explained in Section 2. Moreover, we analyze a variety of less regular structures for the velocity elds, and we discuss the possibility of nding satisfactory solutions in these cases. In particular, we analyze the cases of conic velocity elds, like those that can be expected when energetic cratering events occur. In Section 4 we analyze the possibility of using the methods developed before in order to determine the other unknown angle in Gauss' equations, namely the argument of perihelion !.
Also in this case, the results are encouraging, at least when realistic structures of the ejection velocity eld are considered. In Section 5 the role played by the uncertainties of the proper elements as they are in reality is brie y discussed. Finally, in Section 6 we present some examples of the application of the techniques described in the previous Sections. The families of Merxia, Vesta and Dora have been chosen for this purpose. A more detailed family by family analysis of all the most reliable families identi ed by Zappal a et al. (1995) , is postponed to a forthcoming paper. A general discussion of the perspectives opened by the present work is brie y sketched in Section 7.
2 Gauss' equations: Z, and S tests.
Most of the work performed in the present paper consists of a detailed analysis of the Gauss' equations. These give the variation of the orbital elements a, e, I (orbital semi{major axis, eccentricity and inclination) when an orbiting body su ers a sudden velocity change V . Assuming that V is small with respect to the original orbital velocity of the body, the equations can be written as: 
where na is the mean orbital velocity, and (V T , V R , V W ) are the components of V along the direction of the motion, in the radial direction, and perpendicular to the orbital plane, respectively. (Note that we de ne V T , V R and V W as the components of V in the above equations, dropping the \ " symbols for simplicity of notation). The above form of Gauss' equations are obtained by neglecting terms of degree higher than two in the eccentricity, and are therefore valid in general for the case of asteroids.
In the above equations, f and ! are, respectively, the unknown true anomaly and the argument of the perihelion at the instant of the velocity change (impact). From (1) and (2) it is easy to see that the semi-major axis a and the eccentricity e are forced to follow a relationship controlled by the unknown true anomaly f of the parent body at the instant of the collision. In order to analyze more easily the general properties of Gauss' equations, we will now use them in a simpli ed (zeroth order) form, which is obtained by neglecting the terms in the rst degree of e. In this way, the equations can be re{written in the following simplier form:
In what follows, we will develop some techniques to derive the unknown angles from the available dynamical data (proper elements of family members).
In so doing, we will use the above zeroth order form of Gauss' equations. It will be shown that the results of the analysis can be then re-computed assuming the second order form (1), (2) and (3), without any signi cant change of the general behaviour. As a rst step, we will focus our attention on equations (4) and (5) alone.
In other words, we will exploit the coupling that, through the unknown f angle, is established between the a and e orbital elements, with both the V T and V R components of the ejection velocity. The reason is that we want rst to nd a way to evaluate the unknown f angle, and this is obviously independent of both V W and (! + f). We will deal with equation (6), and the angle (! + f) later.
In the real problem that we face, that is the derivation of the fragment ejection velocities from knowledge of the orbital elements, the former are the unknowns, so it is convenient to invert Gauss' equations, in order to have the velocities as a function of the orbital elements and f: V R = ?na cos f sin f a a + na sin f e (8) Equations (7) and (8) contain three unknowns, namely V T , V R and f, and cannot be solved if we do not introduce any constraint between these quantities. However, physical considerations can be made about the relation between the velocity components. In particular, both physical intuition and evidence from laboratory experiments suggest that the V T and V R (and V W ) components of the ejection velocity of a fragment from a catastrophic break{up are not generally uncorrelated and do not take independently random values. If this were the case, the ejection velocity elds would not show any predictable pattern, and the fragments would be ejected without any dependence on their initial location within the parent body. Laboratory experiments tell us that the latter is not true. Instead, the fact that the ejection velocity of each fragment is determined by its initial position with respect to the impact point is a well known experimental result, and has made it possible to develop semi{empirical models of catastrophic break{up processes which are fairly successful in predicting the physical properties of the outcomes from these events (Paolicchi et al., , 1996 Verlicchi et al., 1994) . At the same time, modern hydrocode models based on a detailed physical analysis of the propagation of tensile stress waves in a body su ering a catastrophic collision have successfully reproduced most of the experimental evidence (Melosh et al., 1992; Benz et al., 1994) , and con rm that the ejection velocity elds tend to follow some regular patterns.
On the basis of the above results, we are authorized to make some reasonable assumptions about the overall structure of the ejection velocity eld, which can be used as additional constraints on equations (7) and (8). Here are some possibilities. The easiest, is to assume a spherical, isotropic ejection velocity eld. Another, slightly more complicated but more realistic assumption is a eld having the shape of a biaxial ellipsoid. This takes into account the known experimental result that the fragments ejected in a normal direction with respect to the trajectory of the projectile show generally an ejection speed which is about twice that of the fragments originating in the antipodal region of the target, with respect to the impact point (Fujiwara and Tsukamoto, 1980; see also Paolicchi et al., 1996) . In particular, since the region around the impact point is generally pulverized or very nely shattered, a more realistic ejection velocity eld is actually a half{biaxial ellipsoid, or a truncated and possibly o {center sphere or ellipsoid. Finally, the possibility that families also form from energetic cratering events (as in the case of Vesta) makes plausible the assumption of some kind of conic ejection velocity eld, with generally wide{open angles.
Whatever choice of the general structure of the ejection velocity eld, what is important here is that we can expect that the distributions of the velocity components V T , V R and V W are not due to chance, but they satisfy some properties, which are a consequence of the general structure of the velocity eld. This fact can be directly exploited for obtaining an estimate of the unknown angles f and (! + f). Since we are now restricting our analysis to the two{dimensional projection of the eld into the V T {V R (a{e) plane, we go back to equations (7) and (8). In particular, we are interested in carrying out the analysis on the basis of the possible constraints about the distributions of the V T and V R velocity components. To do so, it is convenient to introduce some dimensionless parameters built by means of the unknown quantities appearing in equations (7) and what we call the parameter
(In both the de nitions of Z and , the i index runs between 1 and N, N being the number of objects). Given a set of observed data (proper elements of family members), an a priori knowledge of Z or would be su cient to derive the unknown f angle. The problem, therefore, will largely consist of studying this dependence of the resulting f on the possible values of Z or .
At the same time, the plausible ranges of these parameters must be found on the basis of the available evidence coming from laboratory experiments and theoretical models of catastrophic break{up phenomena.
In the following Subsections, we introduce separately two independent approaches based on the use of the Z and parameters in order to obtain a reliable estimate of the unknown f angle in equations (7) and (8). We will assume we have at our disposal a set of family members, for which the orbital elements a and e are known, as well as the location of the barycenter of the family. The treatment of the problem will be somehow \didactic" in the following Subsections, where we will consider some \ideal" situations.
How things change when we analyze some more complicated situations that can be encountered in the study of the real asteroid families will be the subject of subsequent Sections.
2.1
The Z test Let us start for sake of simplicity with the easiest possible assumption about the form of the ejection velocity eld, namely a sphere. In particular, let us assume that all the fragments have a xed module of ejection velocity V TOT from the parent body, all radiating from the family barycenter. Since we are now restricting our analysis to the bidimensional projection of the eld in the V T , V R plane, we take into account only the fragments ejected in this plane (those for which the third velocity component, V W , is zero). by substituting these expressions for a=a and e in the (7) and (8) (12) It is easy to see that (11) and (12) represent the parametric equations of an ellipse in the V T , V R plane. The orientation and axial ratio of this ellipse is a function of f, for any given f 0 . In other words, if a spheric ejection of fragments occurs at a value f 0 of the true anomaly of the parent body, this produces a certain set of a and e of the fragments with respect to the barycenter. Starting from these values of a and e, one can try to reconstruct the original ejection velocity eld. Equations (11) and (12) tell us that in general, for any choice of f, the reconstructed velocity eld is ellipsoidal, and we nd again the originally spherical eld for f = f 0 . All this is exploited in the framework of the Z approach. On the basis of the Z parameter de nition (9) it is easy to see that the range of possible values of this parameter is between ?1 and +1, and Z = 0 holds for symmetric velocity elds, in which < V 2 T >=< V 2 R >. Of course, the Z parameter is a function of f and f 0 , since for any set of observed a=a and e values, these depend on the true angle f 0 at the epoch of the impact, while the values of the reconstructed V T and V R , being given the a=a and e values, depend on the adopted choice of f (Equations (7) and (8)). Therefore, it is possible to compute the Z parameter for di erent choices of f, looking at the trend of the Z{f relationship in order to nd the values of the f angle that satisfy certain conditions on Z. Assuming a spherical structure of the ejection velocity eld, this condition is obviously Z = 0.
It is easy to see that Equations (11) and (12) allow us to analyze analytically the behaviour of the Z parameter as a function of f for an originally spherical ejection velocity eld. In particular, squaring (11) and (12), and integrating over in the interval from 0 to 2 rads, allows us to derive analytically the expected values of Z as a function of f, being given a \true" value f 0 of the unknown true anomaly. The computation is very easy, since the integrals to be computed are essentially of the form R > (that is, Z = 0), two solutions are found: cos f 1 = cos f 0 cos f 2 = 3 5 cos f 0 The rst solution coincides with the \right" one, since it leads to f 1 = f 0 , and these two con gurations are fully equivalent for our purposes. The other solution is spurious. Note that f 2 is always closer to 90 with respect to the \exact" solution f 1 . The existence of two solutions is related to the behaviour of Z as a function of f. The general trend is shown in Fig. 1a , where the vertical line indicates the assumed f 0 value (50 ). As can be seen, in the case of a spherical ejection velocity eld the curve giving Z as a function of f decreases from its maximum possible value Z = 1 (which is reached at f = 0 ), down to a minimum value which is generally negative, then it increases back up to the value Z = 1 which is reached at f = 180 . In this way, the curve crosses twice the value Z = 0, correspondingly with the two solutions given above. It is easy to see that f 1 = f 2 = f 0 for f 0 = 90 . The position and the depth of the minimum of the Z curve can be again derived analytically, by computing the derivative of Z as a function of f.
In particular, since in the framework of the zeroth order Gauss' equations (7) and (8) the P i V 2 T i turns out to be constant (see Equation (7)), the minimum of Z is coincident with the minimum of For f 0 = 90 , this leads to f = f 0 , therefore in this case the minimum of Z is coincident with the solution of Z = 0. Note also that the (13) has formally two solutions, but only one is real, (the one with the minus sign) since the other would lead to j cos fj > 1. The importance of the location of the Z minimum will be more evident later.
As a consequence, the case of a spherical ejection velocity eld is easy to analyze by means of the Z approach, and the \right" value of the true anomaly f is found by imposing Z = 0, and taking into account the regular behaviour of Z as seen above. However, a perfectly symmetric and isotropic eld is somehow an idealization of what has to be expected to happen in the real world. Laboratory experiments tell us that in real events of catastrophic break{up the ejection velocity elds are not so symmetric. In particular, what is generally found is that there is a radial symmetry of the eld with respect to the original direction of the impactor, but the ejection velocities vary as a function of the angle of ejection. Fujiwara and Tsukamoto (1980) found a ratio of 2 between the ejection velocities of the fragments ejected perpendicularly to the impact{center axis, with respect to the fragments originally located in the antipodal regions of the target with respect to the impact point. Thus we consider as a more realistic ejection velocity eld that having the shape of a biaxial ellipsoid (oblated sphere). Although the experimental evidence suggests that the fragments originating close to the impact point are actually pulverized and lost, implying that we should also consider some other more complicated eld structures, these cases will be analyzed in the next Section, where an extensive set of simulations relating to di erent choices of the eld will be presented. Moreover, we should also take into account that what we analyze in the V T , V R plane will always be a particular projection of the three{dimensional velocity eld. As a consequence, the fully{elliptic model is of interest in general (see also Section 3). We will now analyze this kind of eld, which can be easily treated analytically, in a way similar to the spherical case seen above.
Let us start, therefore, by using an elliptic shape for the eld in the V T {V R plane: ( V T = A cos V R = B sin where we assume A B. The above expression describes a general ellipse having its semi{axes coincident with the coordinate axes. More generally, we must assume that the ellipse has its larger semi{axis rotated by an angle with respect to the original V T axis. This leads to:
( V T = A cos cos ? B sin sin V R = A cos sin + B sin cos By substituting the above expressions for V T and V R into Gauss' equations (4) and (5), we obtain two expressions for a=a and e which, when substituted in (7) and (8) 
The spherical case analyzed above is found again here by assuming A = B = V TOT , for any value of (Equations (11) and (12) are derived immediately from equations (14) and (15), for A = B = V TOT and = 0 ). We can now derive, as in the spherical case, the behaviour of the Z{f relationship, in particular, the minimum of this curve, and the values of f for which Z = 0.
By squaring equations (14) and (15) is satis ed, it is no longer true that the spurious solution is always the one closer to 90 (like in the spherical case). Given the ambiguity on the choice of the right solution of Z = 0, it is reasonable to analyze the general behaviour of the Z curve in the elliptic case, and to focus on the location of the minimum of Z. We can expect, in fact, that the location of the minimum should be a reasonable estimate of f 0 , since it is located between the two solutions of Z = 0, for which we cannot decide a priori which is the one closer to f 0 . Of course, the hypothesis that the f value corresponding to the minimum Z is really a reasonable approximation of f 0 must be tested analytically. This can be done easily, since the location of the Z minimum can be computed by means of the derivative of < V 2 R >, as was done above in the case of the spherical eld. In particular, we obtain the following equation Again, only one of the two formal solutions of (17) (the one with the minus sign) is real, since the second would lead, like in the spherical case, to j cos fj > 1. It is easy to see that for A = B (spherical eld) that (17) reduces to the spherical solution (13).
We can now compute f from (17) for di erent values of the parameters which describe the axial ratio and the orientation of the elliptic velocity eld (which determine the values of the M, N and L parameters in equation (17)), as well as for di erent values of f 0 . In practice, we have considered the case of a spherical eld, as well as those of an elliptic eld for which A = 2B, for di erent values of the orientation angle , namely 0 , 45 , 90 and 135 . The results are shown in Fig. 2 , in which the di erence f ? f 0 between the location of the minimum of Z and the \true" f 0 value is plotted as a function of f 0 for the di erent cases quoted above. The results are quite encouraging, since the derived value of f turns out to be generally within less than 15 degrees from f 0 . Only in some cases the results are worse, and these situations correspond, as could be expected, to highly asymmetric elds (elliptic elds oriented \badly" from the point of view of the Z test).
However, it should be noticed that such situations are quite unlikely, if we take into account that even in the case of an elliptic eld, we should consider that we deal with the V T , V R projection of a three{dimensional eld, which is supposed to be axially symmetric (biaxial ellipsoid eld). Thus, in order to get the situations corresponding to the worst performances of the method in Fig. 2 , we need to be very \unlucky", since the random projection of a biaxial ellipsoid (oblate sphere) tends to hide the real attening.
As a conclusion, we can expect in general that the performances of the Z test should be fairly acceptable. We have seen that in cases where the real V T , V R eld is isotropic, Z = 0 gives the right solution. This is no longer strictly true when < V 2 T >6 =< V 2 R >. This has suggested as a reasonable criterion to renounce to make an a priori assumption on the value of Z (like Z = 0), but to choose the f value for which Z is minimum. In a wide range of cases, this should give a good approximation of the \right" f 0 angle.
2.2
The test
The parameter de ned according to (10) is another simple choice of a dimensionless variable that can be built with the distributions of the unknown velocity components in (7) and (8). From its de nition (10), it is clear that Schwartz's inequality ensures that is always between ?1 and +1. Its exact value depends on both the intrinsic geometric structure of the velocity eld and its spatial orientation. In principle, knowing leads to an unambiguous determination of f, and vice versa. This fact can be exploited in practice by assuming an a priori value for , in order to derive f. On the basis of its de nition (10) the natural choice is to assume = 0.
As in the case of the Z method seen above, it is convenient to study the general case of an elliptic velocity eld in the V T , V R plane, since the easier case of a purely spherical eld is a particular case of this. We can start again from equations (14) and (15) (Fujiwara and Tsukamoto, 1980) . In particular, we can take into account the fact that, to rst order, we have (cos f) = ? sin f 0 (f) where (cos f) = (cos f 0 ? cos f), and (f) = f ? f 0 . from this, equation (18) where e is the eccentricity of the elliptic eld. This con rms that the = 0 assumption leads to fairly good estimates of the unknown f 0 angle in many cases.
In Fig. 3 we plot (f) as a function of f for the same cases seen in Fig.  2 in the case of the Z test. We see that we have a \perfect" solution for a spherical eld, and for any elliptic eld oriented with = 0 or = 90 . The worst cases arise, as seen above, for = 45 and = 135 . In these cases for some ranges of f 0 values, does not reach the value of 0, although it asymptotically tends to it for f = 0 or f = 180 (linear trends in Fig.   3 ). However, as discussed above, the worst orientation of the elliptic eld, with the assumed axial ratio A=B = 2 hardly occurs except in very unlucky circumstances.
A comparison with Fig. 2 suggests that the Z and the test are somewhat complementary, in the sense that in some cases one of the techniques performs quite well where the other tends to fail. This suggests adopting in practical cases an average of the Z and solutions as a best guess for the correct f 0 value. However, in the next Subsection we present an additional technique for evaluation of f 0 , and we will see that the simultaneous use of all three di erent methods leads, generally, to satisfactory results in a very wide variety of possible velocity elds.
2.3
The S test In addition to the methods described in the above Subsections, another, somewhat more intuitive, approach can be considered. This is suggested by the basic idea underlying both the Z and the techniques. This idea is that the solution for the f angle is identi ed as the value giving the most symmetric structure of the computed ejection velocity eld. The basic principle, tested also by means of the simulations presented in the next Section, is that if we have a given structure of the \true" velocity eld, which cannot be assumed a priori to be homogeneous and isotropic in the V T , V R plane, any intrinsic asymmetry is strongly ampli ed in the re-computed velocity eld by adopting wrong values of f. In particular, as we consider f values increasingly larger or smaller than the \right" f 0 value, the resulting ellipse of the reconstructed V T and V R eld changes quickly and becomes very elongated. The point is that on the basis of the physical evidence coming from laboratory experiments, we cannot easily expect to deal in practice with intrinsically very elongated velocity elds. This is due to the plausible ranges of the ratios between the ejection velocities of fragments ejected in di erent directions as observed in laboratory experiments. This suggests as an alternative approach, to choose as the right solution for f the value giving the maximum possible symmetry of the resulting velocity eld in the V T , V R plane. This approach is a priori less sophisticated than the Z and methods discussed above, but it has the advantage of being very simple. In particular, this method of maximum symmetry of the computed velocity eld, which we will call the S method in what follows, consists of computing for the whole range of possible values of the f angle (between 0 and 360 ) the mean of the squares of the velocities of the considered objects, and its standard deviation . The S solution for f is thus the value giving the minimum of . Alternatively, by noticing that the reconstructed velocity els in the V T , V R plane for any given value of f is an ellipse, as seen in the above subsections, we can de ne as the right solution given by the S approach, the f value giving the largest ratio B=A between the lengths of the resulting ellipse axes. The above two de nitions are equivalent in general.
We will see in the next Section that the S approach works better when a preliminary smoothing of the data is performed. This can be understood when we think that looking for the f values that produces in the V T {V R plane the ellipse with the ratial ratio closest to 1, implies nding the average ellipse tting the distribution of the available points in the V T {V R plane. The details of the smoothing technique will be given in the next Section.
Moreover, since it is evident that this kind of approach is rigorously correct (in the sense that it gives the right f solution) when we deal with spherical velocity elds (see Fig. 1c , giving the trend of the {f curve for a spherical eld and f 0 = 50 ), we can notice that this is still true when we deal with elds that have the shapes of sections of a sphere. If we build a spherical eld in which we exclude a priori a range of latitude angles, what we obtain is a cone, for which we can expect that the S method still gives the correct value of f 0 , at least if we consider cones with a su ciently large opening angle. On the other hand, we can easily recognize that such a shape for the velocity eld gives a good approximation of what we expect to be the structure of the ejection velocity eld in the case of energetic cratering events, like the one that should have been responsible of the formation of the Vesta family.
Of course, the e ectiveness of the S approach as it has been de ned above is not expected to be a priori excellent when we consider velocity elds lacking a well de ned spherical symmetry, like in the case of two and three{dimensional ellipsoids, etc. However, for the reasons explained at the beginning of this Subsection, we can expect that the real range of possible structures for the velocity eld is not so wide to rule out a priori the possibility to apply the S approach. In particular, Fig. 4 shows the performances of the S technique in the same spherical and elliptic cases shown above for the Z and methods (Figs. 2 and 3) . It is easy to show that averaging over the results of the three methods leads to a satisfactory determination of f 0 in any case (Fig. 5) .
On the basis of the above results and considerations, the S technique will be applied, together with the above mentioned Z and methods, in the whole set of simulations described in the following Section.
Numerical simulations and results
In the last Section we have introduced three possible criteria for estimating the unknown f angle on the basis of simple assumptions about the overall structure of the ejection velocity eld. In particular, the adopted forms of the velocity elds were so simple as to allow an easy analytical treatment of the problem. Moreover, the results were derived by making use of the zeroth order form (4), (5) and (6) of Gauss' equations. Now, it is time to analyze to what extent the results obtained in Sections 2.1 and 2.2 are valid, if we consider more realistic situations. This means that we want to have the possibility to work directly with the second order form of Gauss' equations (1), (2) and (3), and we want to analyze the performances of the di erent methods described in the previous Section when more complex structures of the ejection velocity elds are taken under consideration.
For this purposes, a numerical approach based on an extensive set of simulations is particularly well suited. Therefore, we have developed a numerical program aimed at simulating a wide variety of possible velocity elds that might be encountered in practice, and we have applied the Z, and S methods using directly the second order form of Gauss' equations.
The numerical program of generation of ctitious ejection velocity elds allows to create families having very di erent kinematical structures. A vari-able number of members is generated in the space of the ejection velocity with respect to a xed barycenter. As for the possible structures of the velocity eld, i.e., the volume occupied by the family in the velocity space v x , v y , v z , the program allows a wide range of possibilities. In polar coordinates, it is possible to choose ranges of latitude and longitude for the possible locations of the objects. In any case, even when the full range of latitude and longitude (from 0 to 180 , and from 0 to 360 , respectively) is allowed, the eight octants de ned by the positive and negative values of the v x , v y , v z axes are treated separately, in the sense that in each octant the points can be located within the volume of a three{dimensional ellipsoid. These ellipsoids can be di erent in di erent octants, and the only requirement is that all the adjacent ellipsoidal octants have common axes coincident (the same kind of gures were used in the past by Cellino et al. (1989) in a study of the in uence of shape e ects on asteroid lightcurves). Moreover, separate shifts along the coordinate axes are possible for the entire structure, allowing to create o {center volumes in the space of ejection velocity. The purpose of this is to slow{down the ejection velocities in one direction, while at the same time raising the velocities in the opposite direction. This is done to reproduce the experimental evidence regarding catastrophic collisions carried out in laboratory. The observed ejection velocity elds are axisymmetric, but the fragments close to the impact point move much faster than the antipodal fragments, ejected roughly in the opposite direction.
In this way, the program allows us to create simple, regular structures like spherical ejection velocity elds, or two{dimensional or three{dimen-sional ellipsoids, as well as more complicated structures like irregular three{ dimensional ellipsoids, truncated versions of all the above shapes, cones of varying opening angles (useful for mimicking events of cratering), and ocenter versions of all the above shapes.
The orientation of the coordinate axes in velocity space can assume any con guration with respect to the assumed V T , V R , V W reference frame, through suitable Euler rotations of the whole reference frame. This re ects the fact that in real collisions the projectile trajectory can make any angle with the vector describing the orbital motion of the target. The coordinates of the objects in the space of ejection velocities V T , V R , V W are nally transformed into the space of the orbital elements a, e, sin i, by using the second order form of Gauss' equations (1), (2), (3), and according to an a priori choice of the \unknown" angles f 0 and (! +f) 0 . In this way, we obtain synthetic families which are created according to a given choice of the angles and of the structure of the velocity eld. Fig. 6 shows, as an example, the transformation of a randomly oriented conic velocity eld (with an opening angle of 130 ) into the space of orbital elements. Starting from the resulting coordinates of the objects in the space of orbital elements, it is possible to apply the di erent methods of reconstruction of the original velocity elds (Sections 2.1, 2.2 and 2.3).
As a preliminary step, we have run again the simple cases considered in Figs. 2 to 5. These gures were plots of analytical predictions explained in Section 2, where the computations were carried out using the zeroth order form of Gauss' equations. No signi cant change was predicted in the case of using the second order form of Gauss' equations, and this has been fully con rmed by the simulations.
More interesting cases arise when more complicated structures of the assumed velocity elds are considered. In particular, we analyzed di erent situations, in addition to the above mentioned cases of biaxial ellipsoid elds: cases of \conic" velocity elds. They are aimed at mimicking events of cratering, which are very interesting in real asteroidal situations (family of Vesta). An opening angle of 120 has been assumed, since we do not expect to deal frequently with events leading to the ejection of only a narrow jet of fragments. o {center spherical elds. In these models, the general shape of the eld is regular, but the barycenter (that is the point having zero velocity) is shifted with respect to the geometric structure of the eld.
A shift equal to 0:6R, where R is the radius of the assumed spherical eld, has been assumed. In other words, the velocity coordinates of the objects are all shifted by the same amount in a given direction. These cases are aimed at reproducing well known experimental results, showing the frequent occurrence of events in which the overall structure of the eld is axisymmetric, but there is a noticeable di erence between the ejection velocities of fragments ejected close to the impact point and those located in the antipodal hemisphere with respect to it. Fully anisotropic triaxial ellipsoids (obtained by merging di erent octants of ellipsoids, as explained above); we assumed a xed shape, As a consequence, the resulting shapes are on the whole even more elongated than the regular, 2 : 1 biaxial ellipsoids considered so far, and analyzed in another set of simulations. These models are used mainly to test the performances of the methods even in cases in which the velocity eld does not show any particular axis of symmetry. Such events are not usually observed in the laboratory, but it can be interesting to see how the methods for estimating the unknown angles in Gauss' equations behave even in extremely unfavourable situations. This is true in particular for the determination of the angle (! + f), as we will see later.
Notice, that we did not carry out independent simulations concerning half{ ellipsoids, which could also be interesting, because they give the same solutions with respect to full ellipsoids, on the basis of the properties of the Z, and S methods. We will focus now on the determination of the f angle, and we will treat the other unknown angle, (! + f), in the next Section.
Di erent simulations were performed in a large variety of orientations of the velocity elds, and for di erent values of f 0 between 0 and 180 . In total we performed 40 simulations, 10 for each of the di erent eld models explained above (including the regular biaxial ellipsoid cases). As a consequence, the simulations on the whole are representative of what can be expected to be encountered in practice. In each simulation a xed number of ctitious objects, 100, were generated, and used as the input data for the Z, and S techniques.
Note that the methods work better if a preliminary process of smoothing the data is performed. In particular, the S method strongly requires such a smoothing. This can be better understood if we consider the S solution as derived by imposing that the axial ratio of the resulting ellipse in the V T {V R plane is closest to 1, which leads to the equivalent requirement that the of the average velocity is minimum. The problem is that the points to be analyzed (coordinates of real family members or members of synthetic families created by the simulations) ll a whole surface in the V T {V R plane, since the objects are not restricted to have the third velocity component (V W ) equal to zero, as in the analytic computations performed in Sections 2.1 and 2.2. As a consequence, a smoothing of the points, transforming their random distribution within the domain of the V T {V R projection of the 3D velocity eld into a continuous line which can be seen as the average V T {V R pro le of the family, is needed in the framework of the S method, and also works ne in the case of the Z and methods.
For each chosen value of f, each object has its corresponding coordinates in the V T {V R plane. The smoothing is performed by ordering the points in the V T {V R plane, expressed in polar coordinates and , according to their (where the angle is measured with respect to the direction of the V T axis), and then by using a running box technique, in which the size of the box is chosen as containing 1=10 of the available objects. These derived smoothed points de ne a curve which is a kind of average of the projection of the velocity eld in the V T {V R plane. The di erent methods of f determination are then applied to the points of this smoothed curve.
The resulting f in each simulation is given by the average of the Z, and S solutions. In turn, these are given by the minimum of the Z{f curve, by the angle for which = 0, and by the angle for which the value of (the standard deviation of the mean of the resulting distribution of fragment squared velocities) is minimum, respectively. It is easy to show that equations (19) and (20) rule out the possibility of using the approach in this case, since P (V T V W ) is always 0, as can be seen by integrating over in the interval 0; 2 ] in the above equations.
On the other hand, both the Z and the S methods can be applied starting from (19) and (20). As an example, it is easy to show that by imposing the simple condition Z = 0, that is P V 2 T ? P V 2 W = 0, we would obtain in the case above the correct value (! + f) 0 . This can be proven true even when we consider more complicated structures of the velocity eld, like a biaxial ellipsoid. In these cases, the Z method continues to give the right solution when the elliptic projection of the eld in the V T {V W plane is rotated and its axis makes a 45 angle with the V T axis. The solution is increasingly less accurate when the apparent ellipse has its axes closer to the V T and V W axes. All this is analogous to what we found above for the determination of f (Section 2), and we will not repeat here an extensive analytical treatment.
In fact, the lack of any coupling between the V W velocity component and both V T and V R leads to another conceptual di erence with respect to the determination of f. In particular, there is not any a priori reason for applying methods like Z or S by imposing some kind of symmetry between, say, the V W and V T components. The point is that V T does not have any particular meaning in this case. V R could be used in its place, and could give in general a di erent (! + f) determination. Moreover, any particular direction in the plane V T {V R can be adopted as the velocity component perpendicular to V W that is used by both Z and S. This fact introduces an important element of ambiguity in the determination of (! + f). We stress that this ambiguity is implicit in the structure of Gauss' equations. Even using the second order form (1){(3) of the equations, the coupling between f and (! + f) is so weak to be practically irrelevant from the point of view of the determination of (! + f).
On the other hand, the situation is not hopeless for several reasons. First, a priori the reconstruction of the velocity eld is not dramatically sensitive to the choice of (! + f). This angle only produces an expansion or contraction of the structure of the eld along the V W component, which does not change very much even for variations of 20{30 degrees in (! + f).
This means that a slightly wrong estimate of this angle does not in uence signi cantly the structure of the derived velocity eld, which turns out to be su ciently accurate for the purposes of the physical studies of the events of family formation.
Even more important is the fact that what we know about the most plausible structure of the ejection velocity elds can be used to constrain the procedure of deriving (! +f). In particular, we have seen that the plausible velocity elds are generally axisymmetric and have structures that are fairly regular, according to the experimental evidence (Fujiwara and Tsukamoto, 1980; Martelli et al., 1994) . Let us consider for sake of simplicity the case of a biaxial ellipsoid. This will be useful for understanding the general idea. The projection of this gure into the V T {V R plane will be generally an ellipse.
We have already seen that we are usually able to nd a good estimate of the unknown f angle, allowing us to correctly reconstruct the right ellipse in the V T {V R plane. Due to the random orientation of the ellipsoid in the space, the projected ellipse will vary. In any case, the major axis of the ellipse will be exactly equal to the larger axis of the ellipsoid. The minor axis of the projected ellipse is a privileged direction, since it is the projection of the axis of rotational symmetry of the eld into the V T {V R plane. Its length will vary between two extreme cases: a minimum value, being exactly equal to the shorter axis of the biaxial ellipsoid, and a maximum value equal to the larger axis. In this case, the ellipse will degenerate into a circle, obviously.
By applying the S method (or the Z one) we can force the distribution of the unknown V W velocity component to be essentially equal to that along the direction de ned by the largest axis of the projected ellipse. This leads to a correct reconstruction of the biaxial eld in the case that the biaxial velocity eld had its shortest axis lying exactly in the V T {V R plane. This is not true at intermediate angles of projection of the ellipsoid, but the error would not be very big in general. Of course, when the projected ellipse in the V T {V R plane degenerates into a circle, there is a fundamental ambiguity about which value to assign to (!+f), since one would need to know a priori the real attening of the biaxial ellipsoid describing the eld. According to the experimental evidence, a good guess could be an A=B ratio equal to 2 (Fujiwara and Tsukamoto, 1980) .
What is important in the above example is the fact that we have found a privileged direction in the V T {V R plane. This was de ned by the orientation of the minor axis of the ellipse in the above example. Using the direction perpendicular to this as the main coordinate axis of the points in the V T {V R plane, it is possible to use both the Z and S methods in order to determine the unknown (! + f) angle and recontruct the three{dimensional structure of the velocity eld. We recall that, essentially, both the Z and the S methods will try to nd the (! + f) angle that makes the V {V W projection of the velocity eld closest to a circle. Simple geometric considerations lead to the prediction of the existence of a preferred axis in the V T {V R plane in most realistic situations that we can imagine for the structure of the velocity eld. These are biaxial ellipsoids (as we have seen), o {center spheres, and cones. In all these cases, the axis is the projection of the axis of rotational symmetry of the eld into the V T {V R plane. It is easy to see that in all the above cases the axis is found to be coincident with either the major or the minor axis of the projected surface in the V T {V R plane, after having determined the f angle.
The above considerations lead to the following technique for the determination of (! + f): rst, the analysis explained in Sections 2 and 3 is performed in order to determine the unknown f angle. Then, the resulting points in the V T {V R plane are smoothed as explained in Section 3, in order to identify the larger axis of the gure (often an ellipse) that describes the V T {V R projection of the three{dimensional velocity eld. Then, a rotation of the axes is performed, and the V T , V R coordinates of the points are transformed into the V , V system of coordinates, being the axis normal to . In principle, if the condition of rotational symmetry of the eld is respected, once the projection of the symmetry axis of the eld in the V T {V R plane has been determined, an additional rotation could be performed in order to work exactly in the plane perpendicular to the axis of rotational symmetry of the eld. In this plane, the projection of the eld lls a circle if the correct value of the unknown (!+f) angle is adopted. As a consequence, we would be in the best possible situation for applying the Z and S methods to derive this angle. Unfortunately, this additional rotation makes the coordinates of the objects only partially dependent upon their V W component, so the determination of (! + f) could be quite uncertain for large values of . This re ects the fact that, as seen above in the case of a biaxial ellipsoid eld, when the symmetry axis of the eld comes closer to the normal to the V T {V R plane, the extension of the eld along the V W component becomes more ambiguous, and thus the (! + f) determination becomes intrinsically more uncertain. Due to this di culty, the procedure based on the additional rotation of the family member coordinates, in spite of being in principle the optimal one, can be simpli ed in practice. In particular, we have followed a very simple approach in the analysis of our set of simulations. We have not performed the above mentioned rotation, and we have applied directly both the Z and the S methods, using separately the V {V W and the V { V W systems of coordinates. The (! + f) solution is generally found as the average of the two values found in this way, but there are cases in which one of the two solutions cannot be found due to the intrinsic structure and orientation of the velocity eld. In such cases, the process of forcing the eld to be symmetric does not converge for either the V {V W or the V { V W coordinates, and the obtained value of the (! + f) angle tends to the extreme value of zero. In these cases, the divergent solution was ignored, and we accepted the other one as correct. The nal determination of (!+f) is then given by the average of the Z and S solutions obtained as explained above.
The e ectiveness of this technique has been tested by means of the simulations described in Section 3, and has been found generally satisfactory, as shown in Fig. 8 . The typical errors rarely exceed 15 . Interestingly enough, the errors tend to be larger when the true (!+f) 0 angle is closer to 0 . This is due to the intrinsic behaviour of the Z curve, which has a steeper slope around the value Z = 0 when the true (! + f) 0 value is closer to 90 (see Fig. 9 ). As already seen in the case of the f determination (Fig. 7) adopting asymmetric ellipsoidal structures does not lead to a signi cant worsening of the (! + f) determination. Thus, a slight relaxation of the hypothesis of rotational symmetry of the eld does not in uence the overall reliability of the results.
Notice that, not surprisingly, the determination of (! + f) turns out to be somewhat less precise than in the case of f. This is a consequence of the general structure of Gauss' equations. For this reason, the described technique of (! + f) determination is intrinsically less precise with respect to those adopted in the case of the f determination.
However, as quoted above, it is also true that the overall role of the (! + f) angle is less critical with respect to f. As a consequence, the \real" velocity elds (created in the simulations) are reproduced strikingly well by those resulting from the values of f and (! + f) estimated by means of the techniques described in this paper. As an example, Fig. 10 shows that the conic eld which produced the simulated family seen in Fig. 6 is very well tted by the reconstructed eld. We are aware that these were only simulations, but on the other hand the range of possible velocity eld structures considered is large, and we do not expect the real velocity elds in family{forming events to be signi cantly more complicated, on average, than those used in our models.
Note also, that the determination of the angles and giving the spatial orientation of the axis of rotational symmetry of the eld in velocity space is an important result on its own. The laboratory experiments indicate that this axis is coincident with the direction of the velocity vector of the original projectile hitting the parent body, at least in the case of central impacts (see, e.g., Martelli et al., 1994) . As a consequence, even taking into account that for very oblique impacts the symmetry axis of the velocity eld is not expected to be so strictly related to the velocity direction of the impacting projectile, we can say that a correct reconstruction of the original velocity eld through a good estimate of the angles f and (! + f) gives as a by-product an estimate of the original impacting trajectory of the projectile as seen from the original parent body.
This also makes it possible to represent the reconstructed eld as seen from this particular direction, which is very useful for a good visual representation of the process of fragmentation and ejection of the fragments. Such a possibility will be exploited when we show the reconstructed velocity elds of some real families in the next Section. As a summary, we could conclude that the attempt of reconstructing the original ejection velocity elds in family{forming events through a reliable estimate of the unknown angles appearing in Gauss' equations has been reasonably successful. Of course, this opens new perspectives in the eld of physical studies of asteroid families. However, there are several important aspects of the problem that still deserve a careful analysis. First of all, there is the complication of the limited accuracy of the available proper elements of observed family members. This is a very important aspect of the problem, that will be brie y sketched in the next Section, and will be more extensively discussed in a forthcoming paper.
Sources of errors in real cases
Since we want to apply the procedures described in the above Sections to cases of real families identi ed in the asteroid main belt, we must be ready to take into account some e ects that were absent in the above simulations. This concerns mainly the completeness of the available data, and their intrinsic uncertainty. In the case of the simulations, the locations of the \family members" in the space of proper elements were not a ected by any kind of error. Moreover, there was not any problem of uncertain recovery of the family members, since their amount was decided a priori, and none of them could be \lost".
In the case of real families, the situation is obviously worse. Not only some interlopers can be present in the nominal member lists (Migliorini et al., 1995) , but also we must take into account that many of the original members can be absent either because they are too faint and not yet discovered, or because they have been destroyed by the normal collisional evolution affecting all the bodies in the main belt. This e ect should be more important for the smallest original members, since the time scales needed to destroy smaller asteroids are shorter. In any case, families are identi ed on the basis of some choices of a metric function (see Zappal a et al., 1990 Zappal a et al., , 1994 , and these choices can a ect the resulting memberships. Moreover, we must also take into account that in several cases the collisions that created some families can have injected a more or less signi cant fraction of the original members into some of the chaotic regions associated to the main Kirkwood gaps and secular resonances (Morbidelli et al., 1995) . Finally, the exact location of the family barycenter in the space of proper elements is generally subject to some uncertainty, for the above reasons and also due to the errors in the asteroid size determinations.
All these e ects are important, and can a ect our ability to reconstruct the original ejection velocity elds. But even more important, is the problem of intrinsic errors in the determination of the asteroid proper elements, which constitute the input data in this analysis. Although the set of adopted proper elements, computed by means of re ned procedures by Milani and Kne zevi c (1994) , is on the whole, the best and largest ever used for family identi cation purposes for low values of the proper eccentricity and inclination, it is known that the uncertainties are not completely negligible in several cases. Further, we should also take into account that proper elements are quasi{integrals of the motion, and their variation over very long time scales has not yet been precisely assessed due to the limitations of present{ day computers. We know that proper elements are stable over time-scales of some 10 6 years, but we do not know what happens over the longer time{ scales relevant to the ages of the families. Even if we neglect the problem of time stability of the proper elements, we know that in any case the nominal uncertainty a ecting their values is not the same for a 0 , e 0 and sin I 0 . In particular, we can assume that the uncertainty of a 0 is practically negligible, since the semi{major axis is intrinsically most stable. The situation is worse for proper eccentricity and inclination.
Since this subject is quite complex, and will deserve an extensive discus-sion in a separate paper, we can show here only some preliminary results, restricting our analysis to the e ect of the errors in proper eccentricity for the determination of the f angle, assuming that the a 0 values are error{free. We work here in the framework of the Z and methods. We have seen in Section 2.1 that the determination of f in the Z approach consists of identifying the minimum of the Z{f curve, while in the framework of the approach f is found as the angle for which = 0.
For the sake of simplicity, we have chosen the case of a spherical velocity eld, generated at di erent \true" values of f 0 , between 10 and 170 . We assigned to the e 0 coordinate of each simulated object a change (\error") randomly generated between ? and + , and we have proper elements. In the case of very high errors in e 0 , the systematic shift of the f solutions can be important. This is a very interesting result, and this subject will be fully analyzed in a forthcoming paper. In particular, an analysis of the distribution of the derived f values for a good sample of families can potentially give some indication about the most probable errors in the nominal proper elements.
For the moment, the results shown in Fig. 11 should be considered as an additional e ect to be taken into account when we abandon the numerical simulations and try to analyze some cases of real asteroid families. Some examples of this are given in the following Section.
6 Some results on real asteroid families After the encouraging results obtained from the numerical simulations, it is interesting to look at what happens when we apply the techniques described in the previous Sections to real asteroid families identi ed in the main belt.
We remind the reader that in the last family search carried out by Zappal a et al. (1995) by using two independent statistical methods of identi cation, a number of the order of 30 families were found to have a high statistical reliability. All of them are worth detailed study. Here, we can only choose some of them in order to show the general appearance of the reconstructed ejection velocity elds. In particular, we have chosen three families: Vesta, Dora and Merxia. All of them are \robust" in the sense that their identication is not questionable on a statistical ground. On the other hand, there are signi cant di erences between them: in particular, Dora and Merxia are two examples of typical \clusters", that is, very compact groupings sharply de ned with respect to the background population in the space of proper elements. Vesta is a typical clan: its membership is not so sharply de ned, even if the family itself is unambiguously identi ed and very populous. There are more than 200 nominal members of the Vesta family, more than the members of Dora and Merxia combined, which are of the order of 70 and 20, respectively. Moreover, Vesta itself, the largest member of its family, is one of the biggest asteroids, far bigger than the parent bodies of both Dora and Merxia, as estimated by the total sum of the masses of all their members. For this reason, the family of Vesta is the outcome of a very energetic cratering event, very close to the limit for catastrophic shattering of the target (see also Marzari et al., 1995) , like that experienced by the parent bodies of both the Dora and Merxia families. The identi cation of the Vesta family ( rst identi ed by Williams, 1969 ) has been con rmed by spectroscopic observations (Binzel and Xu, 1993) after the new identi cation of the family by Zappal a et al. (1990) and Bendjoya et al. (1991) .
The results of the reconstruction of the ejection velocity elds for the three families is shown in Figs. 12{14, where we have represented the location of each family member in the space of the ejection velocity (at in nity). In particular, we have chosen a representation in which one of the orthogonal axes is coincident with the most plausible velocity vector of the original projectile (symmetry axis of the reconstructed eld). This choice has obvious advantages, in that we can directly compare the structure of the eld to the evidence from laboratory experiments. In principle, the plots can be seen as a kind of rough snapshot of the families just after their formation, and their morphology can be compared with the lms obtained in laboratory experiments and with the predictions of theoretical models (Melosh et al., 1992; Paolicchi et al., 1996) . Although a detailed analysis of these results will be attempted in a forthcoming paper, we can say here that the general structures of the reconstructed families look fully plausible on the basis of what we know from the theoretical models and the experiments. In the case of Vesta, moreover, it is easy to see that the ejection of the fragments appears to have taken place starting from a large, hemispheric region of Vesta, according with the hypothesis of a cratering event, and with previous photometric studies (Cellino et al., 1987) which led to the prediction of the presence of a large impact basin on the asteroid's surface. This was also predicted by previous polarimetric observations (see Dollfus et al., 1989) . As for Dora and Merxia, their overall structure is highly symmetric, mainly in the case of Dora, which exhibits a velocity eld that is noticeably spherical. For this family, the (! + f) angle turns out to be 0 , and the resulting spherical symmetry of the eld allows us to plot it directly using the V T , V R , V W reference frame. Due to the sphericity of the resulting eld the direction of impact of the projectile (i.e., the symmetry axis) is not determined. Some asymmetry is found in the case of Merxia, which seems to suggest a faster ejection of the smallest fragments with respect to the antipodal, larger ones. This is in agreement with the predictions of the semi{empirical model of Paolicchi et al. ( , 1996 , as well as the results of several laboratory experiments.
Conclusions and future work
This paper presents results that should be relevant for the physical study of asteroid families. The possibility of obtaining reliable estimates of the unknown angles in Gauss' equations opens a new perspective in this eld. The kinematical properties of the fragment ejection processes in family{forming events can now be derived, and compared with the predictions of theory. This is particularly important from the point of view of scaling theories, which aim to predicting the physical properties of asteroid families on the basis of evidence from laboratory experiments. As pointed out in the Introduction, understanding how asteroids break when they experience catastrophic collisions is an essential step forward in our general understanding of the physical properties, structure and composition of these bodies.
Due to the relevance of the results, we have decided to give many details of the procedures developed to derive the unknown angles. In this way, one can assess more easily the e ectiveness of the adopted approach, and the reliability of the results. In particular, we wanted to show that the f determination is actually more precise, but that also in the case of (! + f) the results, though being more uncertain, are still fully reasonable for the purposes of physical studies of the families. If the techniques described in the present paper are really e ective as suggested by the simulations, it is impressive to look at Figures like 12{14, since they should be fairly precise snapshots of catastrophic events occurred in epochs on the order of 10 9 years ago.
The obvious next stage of the present analysis will be a comprehensive analysis family by family of the most important and signi cant groupings identi ed in the main belt . For this purpose, we are also performing \ad hoc" observational campaigns (mainly in the eld of spectroscopy) in order to improve the whole data set of physical properties of family members. The families brie y analyzed above are only a small subsample of the whole set of presently known families. Therefore, the whole sample must be analyzed and compared. Due to the large variety of families (clans, clusters, etc.) this analysis can help in understanding the general phenomenon of family formation and the global collisional evolution of the asteroid belt.
Another consequence of the evaluation of the f and (! + f) angles is the possibility of performing a re ned analysis of the memberships of the presently known families. The reason is that, as explained in Zappal a et al. (1995) and references therein, the most recent family searches have been performed using clustering analysis methods in which the mutual distances of the objects in the space of proper elements are computed according to a metric that is de ned on the basis of an average of the possible values of f and (! + f). Now, the knowledge of these angles for each family can allow a re ned local analysis aimed at exploring in much better details the three{ dimensional distribution of the objects in the neighbourood of each family in the space of proper elements. In this way, we can hope to better de ne the \borders" of the families, to identify probable interlopers and probable members that have not been erroneously included in the family member lists.
In addition to the kinematical properties of the family{forming events, analyzed in the present paper, another essential source of information comes from the size distribution of the members. This is an independent problem that must be faced, due to the di culty in deriving good size estimates of most of the smallest members of asteroid families. On the other hand, a joint theoretical and observational e ort is strongly needed now for this subject, since we can really hope to derive most of the relevant physical information on asteroid families from a simultaneous knowledge of velocity and size distributions and their mutual interrelationship.
8 Acknowledgements ZAPPAL A V., BENDJOYA P., CELLINO A., FARINELLA P., FROESCHL E, Cl.: 1995. Asteroid families: search of a 12,487 asteroid sample using two di erent clustering techniques. Icarus 116, 291{314. The same as gure 12, but for the family of 668 Dora. In this case, the resulting velocity eld is essentially spherical, and the angles have been found to be f = 80 , and (! + f) = 0 . This allows to represent the family using directly the V T , V R , V W reference frame, and to assume that V T has the same role of v imp in gures 11 and 12, since a sphere has in nite simmetry axes, therefore v imp cannot be determined.
